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Elliptic curves over finite fields

Let Fq be a finite field of characteristic char(Fq) ̸= 2, 3.
Let E be an elliptic curve over Fq given by a Weierstrass equation

y2 = x3 + ax + b.

The endomorphism of Frobenius of E is:

ϕq :

{
E → E
(x , y) 7→ (xq, yq).

There is an integer tE , called trace of Frobenius of E , such that

ϕ2q − tEϕq + q = 0.

We have #E (Fq) = q + 1− tE . Hasse bound : |tE | ≤ 2
√
q.
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Schoof’s algorithm

Motivation: point-counting problem.
Let E be an elliptic curve over Fq.

Schoof’s algorithm (1985): compute tE modulo small primes
ℓ ≤ ℓmax such that ∏

ℓ≤ℓmax

ℓ > 4
√
q

and use the Chinese Remainder Theorem.

For a prime ℓ, the ℓ-torsion subgroup of E is

E [ℓ] = {P ∈ E (Fq) : [ℓ]P = OE}.

The trace of ϕq seen as an endomorphism of E [ℓ] ∼= (Z/ℓZ)2 is
tE mod ℓ.

Time complexity: Õ(log(q)5).
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The SEA algorithm and Elkies primes

The SEA algorithm (90s) : tE mod ℓ can be computed faster if there is a
subgroup K ⊂ E [ℓ] of order ℓ defined over Fq. Such a subgroup exists if
and only if t2E − 4q is a square modulo ℓ.

Definition

A prime ℓ ̸= char(Fq) is said to be Elkies for E if and only if(
t2E − 4q

ℓ

)
= 0 or 1.

Otherwise, it is said to be Atkin.

Heuristic: The number of Elkies and Atkin primes is approximately the
same. If true, the complexity of the SEA algorithm is Õ(log(q)4).
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Setting

Let E be a non-CM elliptic curve defined over Q.

For P > 0, we write PQ(P, 2P) for the set of primes of good
reduction for E in [P, 2P]

For p ∈ PQ(P, 2P), let Ep be the reduction of E modulo p, and tp its
trace of Frobenius

For L > 0, let Ne(p, L) be the number of Elkies primes for Ep in
[L, 2L]

π is the prime-counting function

Shparlinski and Sutherland (2015): in average, Ne(p, L) is close to
π(2L)−π(L)

2 .
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Simple model to predict the distribution of Elkies primes

t2p − 4p has a probability 1
2 to be a square modulo ℓ, independently of

tp and ℓ.

For p ∈ PQ(P, 2P), let Xp := #
{
ℓ ∈ [L, 2L] :

(
t2p−4p

ℓ

)
= 0 or 1

}
.

In the model, Xp ∼ B(π(2L)− π(L), 12). Then E(Xp) =
π(2L)−π(L)

2

and σ(Xp) =

√
π(2L)−π(L)

2 .
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Numerical experiments

The distribution of Elkies primes seems to converge to a Gaussian
distribution whose mean value is π(2L)−π(L)

2 and standard deviation√
π(2L)−π(L)

2 (graph with P = 107; L = 250;E : y2 + y = x3 − x2).
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Convergence to a Gaussian distribution

We equip PQ(P, 2P) with a uniform probability measure PP .

µ =
π(2L)− π(L)

2
, σ =

√
π(2L)− π(L)

2
, YP,L(p) =

Ne(p, L)− µ

σ
.

Let ψ : R>0 → R be a function such that ψ(x)
xn −−−−→

x→+∞
+∞ for every

n ∈ N.

Theorem (B.-Kieffer)

Assuming the Generalized Riemann Hypothesis (GRH), the sequence
(Yψ(L),L) converges weakly to a standard Gaussian distribution with mean
value 0 and variance 1.
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Elkies primes in higher dimension

Let A/Fq be a polarized abelian variety of dimension g with real
multiplication by an order O in a totally real number field K of degree d .
For a prime ideal l ⊂ O and l|ℓ, we define the l-torsion
subgroup A[l] ⊂ A[ℓ] as

A[l] =
⋂
f ∈l

ker(f ) = {x ∈ A[ℓ] : f (x) = 0 for every f ∈ l}.

Definition (Elkies prime)

A prime ideal l of O is said to be Elkies if there exists an Fq-rational
subgroup of A[l] that is maximal isotropic for the Weil pairing eℓ and
stable under O.
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Setting

Assume GRH.

O: an order in a totally real number field K of degree d

A: polarized a.v. of dimension g ≥ 1 over a number field F with RM
by O
PK (L, 2L): set of prime ideals l of K such that NK/Q(l) ∈ [L, 2L]

PF (P, 2P): set of prime ideals p of F of good reduction for A such
that NF/Q(p) ∈ [P, 2P]

Ne(p, L): number of Elkies primes l ∈ PK (L, 2L) for Ap

Σh: set of unordered partitions of the integer h = g/d

αh =
∑

(d1,...,dr )∈Σh

1
2r ·

r∏
i=1

1
di
·

h∏
k=1

1
#{j : dj=k}!
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The main result

Theorem (B.-Kieffer)

Under GRH and certain assumptions on the Galois representation of A, as
L,P → ∞ with P ≫ Ln for every positive integer n, the function

XP,L : PF (P, 2P) −→ R

p 7−→ Ne(p, L)− αh ·#PK (L, 2L)√
αh(1− αh) ·#PK (L, 2L)

converges in distribution to the standard Gaussian distribution with mean
value 0 and variance 1.

h 1 2 3 4 5

αh (exact value) 1
2

3
8

5
16

35
128

63
256

αh (approximate value) 0.5 0.375 0.3125 0.2734 0.2461

Table: Values of αh
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Questions ?

Thank you !
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