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GLy(R)
PGLy(R)
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Usual sets of numbers

Cardinality of the set C

General linear group of degree 2 over the ring R
Projective general linear group of degree 2 over the ring R
Algebraic closure of the field k

Characteristic of the field k

Finite field with ¢ elements

Ring of p-adic integers
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_ [T _dt
— J0o log(t)
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Euler’s totient function

Bernoulli distribution of parameter p
Binomial distribution of parameter p

There is some constant C' > 0 and A > 0 such that f(x) < Cg(z)
for every x > A

There is some function h satisfying h(z) —— 0 and A > 0 such

that f(z) = h(z)g(z) for x > A o

Equivalent to f(z) = O(g(z))

Endomorphism ring of the elliptic curve E

Trace of Frobenius of the elliptic curve E defined over a finite field
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Generalised Riemann hypothesis
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1 Introduction

Elliptic curves play an important role in public-key cryptography. In many ap-
plications, it is necessary to determine efficiently the number of rational points of
an elliptic curve defined over a finite field. For instance, the elliptic curve Diffie-
Hellman protocol involves choosing an elliptic curve whose the number of points is
a large prime (see [HMVO04, § 4.1.5]). In order to do so, one often generates random
elliptic curves and determines their number of points until finding a good one.

For fields of cryptographic size, the best method up to date for large characteristic
is the Schoof-Elkies-Atkin algorithm [Sch95]. Its time complexity essentially depends
on the distribution of Atkin and Elkies primes. Given an elliptic curve E defined over
a finite field F,, a prime ¢ is said to be Elkies if there is an isogeny from £ of degree
¢ defined over F,, otherwise it is said to be Atkin. The more Elkies primes smaller
than O(log(q)) there are, the more efficient the SEA algorithm is. The heuristic
argument to determine the complexity of the algorithm is that there is roughly the
same number of Atkin and Elkies primes. Theoretical results in this direction have
been established by Shparlinski and Sutherland in the last decade in the papers
[SS14],[SS15]. They correspond to Theorems [3.1) and [3.2| of this document. Both are
results on average over a family of elliptic curves: the first one considers the elliptic
curves defined over a fixed finite field F, and the second one takes the reductions of
a fixed elliptic curve defined over Q. More precisely, the authors define a quantity
which measures the difference between the expected value and the reality, analogous
to moments in probability theory, and they give an asymptotic upper bound for it.
The proofs mainly rely on ingredients about the distribution of elliptic curves and
lemmas in analytic number theory.

In this Master thesis, we first present the proofs of Shparlinski and Sutherland’s
results. Then we carry out numerical experiments in order to confirm these results
and to determine whether there are optimal or not. They suggest that the asymptotic
upper bounds are not optimal. Moreover, we observe that the distribution of the
number of Elkies or Atkin primes in a dyadic interval seems to converge (in some
sense) to a Gaussian function. We are able to prove this claim for the reductions
of an elliptic curve defined over Q. This corresponds to Theorem [5.1 which is the
main contribution of this thesis. We tried to make this document as self-contained as
possible. When the proofs are very long or difficult to access, we refer the interested
reader to another suitable reference.

In Section [2, we begin with quick reminders about elliptic curves defined over
finite fields or number fields. Then we present important results about the distribu-
tion of elliptic curves according to their trace of Frobenius and Galois representations



attached to an elliptic curve. We also discuss Schoof’s algorithm and the SEA al-
gorithm, in order to motivate the need to understand the distribution of Elkies and
Atkin primes. In Section [3] we provide the results from analytic number theory be-
fore proving the main theorems. In Section [, we present our numerical experiments
and key observations. Finally, we prove the result of convergence of the number of
Elkies primes for reductions of an elliptic curve in Section [f]



2 Background on elliptic curves

In this section, we provide the material on elliptic curves that will be used to
prove the results about the distribution of Atkin and Elkies primes. We start by
recalling basic facts about elliptic curves, our main reference for this being Chapter
IIT in Silverman’s book [Sil09]. We assume some familiarity with algebraic varieties.

2.1 Elliptic curves over general fields

Let k be a perfect field and & an algebraic closure.

2.1.1 Definition and Weierstrass equations

We start by giving the formal definition of an elliptic curve.

Definition 2.1. An elliptic curve E over k is a smooth plane projective curve of
degree 3 which is defined over k£ and equipped with a base point O € E(k).

One might only be interested in elliptic curves up to isomorphism. We say that
two elliptic curves are isomorphic if there exists an isomorphism of algebraic varieties
between them respecting the base points.

In fact, one can show that elliptic curves always come from Weierstrass equations.
More precisely, there is an embedding ¢ : E < P? mapping E to a curve defined by
the equation

Y2+ azy + asy = 23 + asr? + aux + ag (2.1)

with coefficients in k such that ¢«(Og) = (0: 1:0) (thus, Og is often called the point
at infinity). The previous equation for £ is not unique: the equation

y? +aay + ayy = 2 + aha? + a4 al
defines an isomorphic elliptic curve (with the isomorphism defined over k) if and only
if it can be obtained from ([2.1)) by applying the change of variables

r =ux' +r,
{ y =udy + sutr’ +t, (2:2)
with v € k* and r, s, t € k. Conversely, if C' is a smooth curve given by a Weierstrass
equation of the form of (2.1)), then C is an elliptic curve over k£ with base point
(0:1:0).



If char(k) # 2,3, an appropriate change of variables shows that E has a reduced
Weierstrass equation of the form y? = 2* + Az + B with A, B € k. Among the
changes of variables of the form , the only ones preserving this form of equation
are v = u’r’ and y = w3y’ with u € k*. Thus, the coefficients of the new Weierstrass
equation are A’ = u=*A and B’ = u°B, so the elliptic curve B’ : y? = 2 + A2’ + B’
is isomorphic to E over k if and only if there is an element v € k* such that A = u*A’
and B = u®B'.

The discriminant is defined as A := —16(4A% + 27B?) and the j-invariant is
j o= —1728%. If A/ = u?Aand B = v %B, then A’ = v 2A and j' = j.
A Weierstrass equation defines a nonsingular curve (and thus an elliptic curve) if
and only if its discriminant is nonzero. Two elliptic curves are isomorphic over k if
and only if they have the same j-invariant.

Remark 2.2. For char(k) = 2,3, it is also possible to define the discriminant and
the j-invariant as polynomial expressions of the coefficients ay, ..., ag of (2.1)) (see the
formulas in [Sil09, § I11.1.]).

2.1.2 Group law

Elliptic curves are very special algebraic varities, because they are equipped with
a group law. There are several ways to describe it. Here, we consider the geometric
point of view.

Let E be an elliptic curve over k£ with base point O € E. Let P and () be two
points of £ (not necessarily distinct), and L be the projective line passing through
these points (if P = @, then L is the tangent line to £ at P). By Bézout’s theorem,
there is a unique point R of E such that the intersection of E and L consists in the
three points P, @ and R (points are counted with their multiplicity). Let L’ be the
line passing through R and Op, which intersects E at a third point R’. Then, we
define P+ Q = R'.

This law is commutative, has neutral element Op, and each element has an in-
verse. It is also associative, but this is more complicated to establish. For m € N, the

point P + ...+ P will be denoted by [m]P. If m < 0, we set [m|]P = —P —...— P.
m terms | |t

There are explicit formulas for this group law in terms of the coordinates of the
points (see Silverman [Sil09} § I1I.2]). The coordinates of P+ (@) are rational functions
of the coordinates of P and Q.



2.1.3 Endomorphisms and isogenies

We now consider morphisms between elliptic curves. Let E; and F, be two elliptic
curves.

Definition 2.3. A morphism of elliptic curves ¢ : E; — FE, is a morphism of
algebraic varieties which is also a morphism of groups.

Since a morphism of elliptic curves is a morphism of projective curves, it is either
constant or surjective.

Definition 2.4. An isogeny ¢ : E; — FEs is a surjective morphism of elliptic curves
from F; to Es.

The degree of an isogeny ¢ is its degree as a map of curves defined over k.

The set of morphisms of elliptic curves from E; to Es form a ring for the addition
and the composition, denoted Hom(F1, Ey). The neutral element for the addition is
the constant morphism equal to Og,, which has degree 0. The endomorphism ring of
an elliptic curve E is End(F) = Hom(E, F). Hom(E;, Es) (resp. Endg(F)) denotes
the ring of isogenies (resp. endomorphisms) that are defined over k.

Example 2.5. Let m be an integer. Then, the multiplication by m

E—E
[m]:{P:[m]P

defines an endomorphism of E defined over k. It has degree m~.

We say that two elliptic curves F; and Es are isogenous if there exists a non-
constant isogeny between them. Being isogenous is an equivalence relation: if
¢ : E1 — Fjis an isogeny of degree m, then there exists a unique isogeny g% By — By
satisfying ¢ o ¢ = [m].

An isogeny always has a finite kernel. In fact, it is possible to construct isogenies
from kernels. Given a subgroup C of an elliptic curve E, we say that C' is defined
over k if (o(zp),o(yp)) € C for every P = (xp,yp) in C and o € Gal(k/k).

Proposition 2.6. Let E be an elliptic curve and C be a finite subgroup of E defined
over k. Then, there exist a unique elliptic curve E' and a separable isogeny

¢:E— E
such that ker(¢) = C. In particular, deg(¢) = |C|. Both E' and ¢ are defined over k.
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We refer the reader to Proposition I11.4.12. in [Sil09] for the proof of this result.

We now consider the endomorphisms of an elliptic curve E. We already know
that End(E) always contains a copy of Z corresponding to {[m] : m € Z}. We have
a classification of the possible endomorphism rings for elliptic curves. If k is a finite
field, then End(F) is either:

e an order in an imaginary quadratic number field. In this case, F is said to be
ordinary.

e an order in a quaternion algebra. In this case, F is said to be supersingular.
If char(k) = 0, then End(FE) is either:

o 7

e an order O in an imaginary quadratic number field. In this case, F is said to
have complex multiplication (or CM) by O.

We now focus on torsion points, which are the kernels of the endomorphisms [m].

Definition 2.7. Let m be a positive integer. The group of m-torsion points of F is
defined as B
E[m| :={P € E(k) : [m]P = Og}.

The group of torsion points of E is

Erors == | ) E[m].

m=1

One can show that the group E[m] is finite. Moreover, if char(k) > 0 and
char(k) t m or if char(k) = 0, then

E[m| = Z/mZ x Z]mZ.

As we will see in subsection m, the absolute Galois group Gal(k/k) acts on
E[¢], which defines a representation modulo ¢. The Tate module is introduced to
work with representations of characteristic 0, and it appears to be a useful tool for
studying isogenies (we refer the reader to [Sil09, § II1.7]).



Definition 2.8. Let ¢ be a prime. The f-adic Tate module is the Z,-module

Ty(E) = lim E[¢"],

n

where the inverse limit is taken with respect to the multiplication-by-¢ maps [¢]
between E[¢("*'] and E[("].

Finally, we introduce division polynomials, which are an important tool for
Schoof’s algorithm. Let y? = 23 + Az + B be a Weierstrass equation for E (we
assume here that char(k) > 3, but division polynomials can also be defined for
char(k) = 2,3).

Definition 2.9. The divisions polynomials v, € Z[z,y, A, B] of E are recursively
defined by:

o Yi(z,y) =1,

o Yoz, y) =2y,

o U3(z,y) = 3z* + 6Az* + 12Bx — A?,

o Uy(x,y) = 4y(a® + 5Ax* + 20Ba® — 5A%1? — 4ABx — A® — 8B?),

® VN > 2, Yopi1 = Ypiothy — 1l
o Vn >3, 1y, = $¢n(¢n+2¢g—1 — Yp_atV2 ).

One can check by induction that 1, just depends on z if n is odd. For an odd

prime £, it has degree EQT_I and 1), just depends on z. If the point P € F(k) has

coordinates (zp,yp), then
wg(l’p7yp) =0« Pe E[f]
For more about division polynomials, we refer the reader to [Was08|, Section 3.2].

2.2 Elliptic curves over finite fields

In this subsection, we assume that k is a finite field I, where ¢ = p"™ is a prime
power. Our goal is to introduce results on the distribution of elliptic curves.

10



2.2.1 The Frobenius endomorphism and isomorphism classes

An elliptic curve E over I, always come with a special endomorphism: the Frobe-
nius endomorphism. It is defined as follows:

| E—FE
G0 { (2,9) > (29, 9).

It is defined over I, has degree ¢ and there is an integer ¢z such that

¢z —tpgy+q=0.

This integer tg is called the trace of Frobenius of E, and X? — t5X + ¢ is called
the characteristic polynomial of the endomorphism of Frobenius. Its discriminant
t2 — 4q will be called the Frobenius discriminant of E.

The group of F,-rational points of E' is exactly the set of points fixed by ¢,. It is
well-known that the number of [F -rational points on E can be expressed in terms of
the trace of Frobenius: we have

|E(Fq)| =q+1—1tg.

Tate’s theorem asserts that two elliptic curves over F, are isogenous if and only if
they have the same trace of Frobenius. Moreover, tg satisifes the inequality

lte] <2v/q

which is known as the Hasse bound and E' is supersingular if and only if char(F,)
divides tg. For an ordinary elliptic curve E defined over F,, the endomorphism ring
End(E) is an order in an imaginary quadratic number field containing Z[¢,].

Remark 2.10. The elements of an order containing Z[¢,] all commute with the
action of the Frobenius automorphism which generates Gal(F,/FF,). Hence, all these
elements are defined over Fy, so Endg_(E) = Endy, (E).

For the two next propositions, our proofs will be inspired from Lenstra [LJ87].

Proposition 2.11. Let &, be a set of representatives of all isomorphism classes of
elliptic curves defined over F,. Then, we have |E,| = 2q + O(1).

Proof. We will assume that p = char(F,) is greater than 3. For p = 2,3, the ideas
are the same, but we cannot reduce Weierstrass equations, so the computations are
less easy (we refer the reader to [HMV04, Theorem 3.18] and [Jeo09]).

11



We have seen that isomorphims between two elliptic curves E : y* = 23+ Az + B
and E' : y"? = 2 + A2’ + B are all of the form = — «?x and y — u®y for some
u € k*. Thus the set of automorphisms Aut(FE) of E is identified with

{uck® : u*A=Aand u’B = B},

and the number of short Weierstrass equations which define an elliptic curve in the
isomorphism class of E is L B There are three possibilities for the

Aut(E)] . TAut(B)]"
cardinality of Aut(E):

e A =0 and k* contains an element of order 6: |Aut(E)| = 6,
e B =0 and k* contains an element of order 4: |Aut(F)| = 4,
e clse |Aut(E)| = 2.

The choice of a short Weierstrass equation over F, consists in choosing (A, B)
in (F,)? such that A = —16(4A4% 4+ 27B?) # 0. We have 443 + 27B? = 0 if and
only if A= —3C? and B = 2C? for an element C' € F,, so there are ¢ tuples (A, B)
such that 443 + 2782 = 0. Therefore, there are ¢> — ¢ short nonsingular Weierstrass
equations over F,. We deal precisely with the case ¢ =1 mod 12, where F} contains
an element of order 6 and an element of order 4. In that case, if E is given by
y? = 23 + Az + B with A = 0, there are % elliptic curves in the isomorphism class
of E. If B =0, there are % elliptic curves in this class, and if A, B # 0, the class
contains q;21 elliptic curves. Thus, the number of classes is

-1 -1 2 qg—2(¢—1 2 _3¢+2
e AMET AN 1>(72 )f i+ g ~ o
A=0 B=0 A#0,B#0
Reasoning analogously, we find:
e 2¢ + 2 classes if ¢ =5 mod 12,
e 2q + 4 classes if ¢ = 7 mod 12,
e 2q classes if ¢ = 11 mod 12. [

12



2.2.2 Structure of isogeny classes of ordinary elliptic curves

For an integer ¢, we write f,(¢) for the number of isomorphism classes (with the
isomorphism defined over F,) in the isogeny class of elliptic curves E over F, such
that tx = ¢. Our goal is to get an estimate for f,(¢). To do so, we will see what are
the possible endomorphism rings (over FF,) for elliptic curves of trace of Frobenius
t, and then count how many isomorphism classes have a given endomorphism ring.
We first recall some facts on discriminants.

For an order O in an imaginary quadratic field, we denote its discriminant
by A(O). An integer A is said to be an imaginary quadratic discriminant if it
occurs as the discriminant of an imaginary quadratic order . In fact, imaginary
quadratic discriminants are exactly the negative integers congruent to 0 or 1 mod 4
and they are in one-to-one correspondence with orders: for a discriminant A, we
write O(A) for the order of discriminant A. An imaginary quadratic discriminant
A is said to be a fundamental discriminant if it cannot be written A = m2A’ where
m is an integer greater than 1 and A’ is another imaginary quadratic discriminant.

Let O be an imaginary quadratic order. Then, there is a unique way to write
A(O) = u?Ag where A is a fundamental discriminant. Moreover, Ag is the
discriminant of the ring of integers Ox of K = Q(v/Ag), we have O C Ok and
u = [Ok : O]. The integer u is often called the conductor of the order O, and we
have the following tower of orders indexed by the divisors v of u:

OC...COWAK)C...COk.

We denote by cl(OQ) the ideal class group of O (invertible O-ideals modulo in-
vertible principal ideals) and by h(QO) its cardinality. Finally, we define

H(A(0)) := Y h(0). (2.3)

oco’

In the ordinary case and if t? < 4q, the quantity f,(¢) can be expressed in terms
of this function H. We also give the formulas for the other cases, but we will only
sketch the proof for the first case (for the other cases, see [Sch87, Theorem 4.6]). We
also assume that p = char(FF,) > 3 (we have similar expressions for p = 2, 3).

Proposition 2.12. The number f,(t) is equal to:
o H(t* —4q) if t* < 4q and ptt,

e H(—4p) if t =0 and q is not a square,

13



o« L <p+6—4(’73) —3(%)) if t? = 4q and q is a square,
o 1 — (%) if 2 = q and q is a square,

o 1— (%) , if t =0 and q is a square,
e 0 otherwise.

Let t be an integer such that t* —4¢q < 0 and p 1 ¢, and E an elliptic curve of trace
of Frobenius ¢. We have seen that Endg, (E) contains Z[¢,] = O(t*—4q). Waterhouse
proved that all the orders containing O(t? — 4q) occur as the endomorphism ring of
some elliptic curve with trace of Frobenius ¢ (see [Wat69, Theorem 4.2]).

Let O be an imaginary quadratic order such that O(t* — 4¢q) C O. Denote by
Ellg, (O) the set of isomorphism classes of elliptic curves having O as their endomor-
phism ring. Then, we can define an action of the ideal class group of O on Ellg, (O)
as follows. Let £ be an elliptic curve such that Endg, (£) = O and a be an ideal of
0. We define the a-torsion subgroup of £ as

Ela] :={P € E(F,) : Va € a,a(P) = Og}.
This is a finite subgroup of E (E) generalising F[¢]. Therefore, there are a unique
elliptic curve E, and an isogeny ¢ : E — E, such that ker(¢) = E[a] by Proposition
. One can show that cl(O) acts on Ellg, (O) by

{cl(@)xElqu((’)) — Ellg, (0)
(a, E) — E,

It can be shown that this action is free. In our case, this action has one orbit (in
the supersingular case, this action can have two orbits, see [Sch87, Theorem 4.5]).
Therefore, we have |Ellg, (O)| = h(O).

This equality is also established in [Cox13, § 14.C], with a slightly different strat-
egy. First, the author used the theory of complex multiplication over C, where it
is easier to show that the group action of the ideal class field of O is free and has
one orbit, and then he reduced to the case of finite fields through the Deuring lifting
theorem.

Hence, equation shows that for || < 2,/g,

)= Y [Elg(O)= >  h(0)=H( - 4q).

O(t2-4¢q)CO O(t2-4¢q)CO



2.2.3 An upper bound on f,(?)

We will now estimate H (t* — 4q) by writing it as a special value of an L-function
(up to some constant). Our goal is to prove the following:

Proposition 2.13. We have f,(t) < ¢'/*log(q) log(log(q)).

For the expressions which don’t involve H in Proposition [2.12] it is not hard
to see that this estimate holds. We now estimate H(A) by analytic means for any
discriminant A.

We write A = u?A i where Ak is a fundamental discriminant. The Jacobi symbol
is denoted by () as usual.

Definition 2.14. The Kronecker symbol xa : Zso — {0,1,—1} associated to A is
the completely multiplicative character such that ya(¢) = (%) if £ is an odd prime
0 if A =0mod 4,
and ya(2) =< 1 if A=1modS§,
—1 if A=5mod 8.

One can check that for a prime p, we have xa(p) = Xax (P)Xxu2(p). In particular,

xa(p) =01if p | u, else xa(p) = xa,(p).

+oo
To the character ya, we associate the L-function L(s,xa) = > Xa() e
n=1

ns

previous remark shows that we have

L(s,xs) = L(s,xar) [] (1 i MEL@))

Lu
£ prime
and for a divisor d of wu:
1
L(s, xa/e) = L(s,xa) | | VORI
e (1-22)
o
We recall Dirichlet’s class number formula.
Proposition 2.15. We have
w A
p(a) = "2V 80 )
T
2 if A< —4,
where wa = ¢ 4 if A = —4,
6 if A=-3.

15



Proof. See [Dav80, Chapter 6]. O

The next lemma gives an estimate for the special value L(1, xya) which appears
in the last formula.

Lemma 2.16. We have L(1, xa) = O(log(|A])).
Proof. See for instance [Lou92]. O

We are now ready to prove that H(A) < |A[Y?1og(|A|)log(log(]A])) following
McKee [McK99]. We write

> (%)

d>0
lUA/dzy/ |A’
Z 2md L Xaya)
dlu
_ Z WA /d2 |A[L(1, xA) H 1— Xag (f) -
2nd i 14
o
-1
ML) Y H( Xl ) |
dlu Z\u/d
o

- >

U (u)

In the last line, we defined a function ¥, which is multiplicative. Moreover, one can
check that if p is prime and n is a positive integer,

n

%n L if XA (E) =0,
T(ph) = % if xa,(0) = —1,
1% otherwise.

By multiplicativity,

1< 0w < [] 55 < o < loafloz(w)
Lu

16



where the last inequality is a consequence of the classical inequality m < p(n)
for Euler’s totient function ¢. Combining this with Lemma [2.16] we get

H(A) < |A]log(|A) log(log(|A])).
Since —4q < t? — 4q < 0, we have

H(t* — 4q) < ¢"*1og(q) log(log(q)),

so Proposition [2.13|is proven.

2.3 Elliptic curves over Q

The article [SS15] considers the case of an elliptic curve E defined over Q, and
its reductions modulo prime numbers p. In this subsection, we recall some facts
about reductions of elliptic curves. We also introduce the conductor and Galois
representations associated to an elliptic curve, which are the key ingredients to prove
the lemmas of the paragraph [3.3]

2.3.1 Reminders of algebraic number theory

Let L be a Galois number field, p a prime number and p a prime of L lying above p.
We define the decomposition group of p as G, := {0 € Gal(L/Q) | o(p) = p}. The
fields L and Q are respectively dense in L, and Q,, so the decomposition subgroup
G is isomorphic to the Galois group Gal(L,/Q,) (an element o € G, can be uniquely
extended by continuity to an element of Gal(L,/Q))). The inertia subgroup I(L,/Q,)
of the extension L,/Q, is defined as as the subgroup of the elements of G, that act
trivially on the residue field IF, of L,. It is the kernel of the reduction map modulo p
denoted by 7(p/p). The absolute inertia group of Q, denoted by I (Qp /Q,) is defined
as the subgroup pf elements of Gal(Q,/Q,) that act trivially on F,. We have the
following system of short exact sequences (see Wiese [Wie08]):

1 —— I(L,/Q,) — Gal(L,/Q,) ~**4 Gal(F,/F,) — 1

T ! T =

11— 1(Q,/Q,) — Gal(Q,/Q,) —— Gal(F,/F,) — 1.

The order of I(L,/Q,) is actually the ramification index of the prime p in L/Q (in
particular, p is unramified in L/Q if and only if I(L,/Q,) is trivial). We denote
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by Frob(F,/F,) the Frobenius element in Gal(F,/F,) (the extension F,/F, being
an extension of finite fields of characteristic p). Assuming that p is unramified in
L/Q, the reduction map 7(p/p) is an isomorphism. The preimage of Frob(F,/F,) in
Gal(L,/Q,) is called a Frobenius element of L/Q at p and we denote it by Frob,,.
If we take another prime P = o(p) of L lying above p (with o € Gal(L/Q)), then

Froby/, = 0o Frobp/p oo L.

So, the Frobenius element at p of L/Q is in fact defined up to conjugation.

Now, let L/K be a finite Galois extension of local fields. We denote by vy, the
normalised valuation of L and by Ry its ring of integers. For an integer ¢ > —1, the
i-th higher ramification group of L/K is

Gi(L/K) :={0 € Gal(L/K) : Ya € Rp,v.(0(a) — ) > i+ 1}

and we define ¢;(L/K) := |G;(L/K)].

As for Q,, the absolute inertia group of K, denoted by I(K/K) is defined as the
subgroup of elements of Gal(K /K) that act trivially on the algebraic closure of the
residue field of K.

2.3.2 Reductions of an elliptic curve
Let E be an elliptic curve defined over Q given by the Weierstrass equation
Y2+ azy + asy = 2 + asx? 4+ agr + ag. (2.5)
For a prime p, we denote the p-adic valuation by v,. The change of variables

(z,y) —~ (p %z, p ")

replaces the coefficients a; by p’a; for every i € {1,2,3,4,5,6} in the previous equa-
tion. We now assume without loss of generality that v,(a;) > 0 for every i. Then,
we have v,(A) > 0 and we say that the Weierstrass equation is minimal at p if the
value of v,(A) is minimal. According to [Sil09, Theorem VIII.8.3], there exists a
Weierstrass equation that is minimal for every prime p. We call its discriminant Ag
the minimal discriminant of the elliptic curve E.

It is possible to reduce the coefficients of a minimal equation of the form ([2.5))
modulo p to obtain a Weierstrass equation having coefficients in the field IF,, and a
curve E, over F,. This curve is nonsingular if v,(Ag) = 0. Otherwise, the curve
E, has exactly one singular point . We say that P is a cusp if the curve has one
tangent direction at P, and that it is a node if it has two distinct tangent directions
at P.
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Definition 2.17. The elliptic curve E is said to have good reduction modulo p if
the curve E, is nonsingular (and thus an elliptic curve). Otherwise, it is said to have
bad reduction modulo p. If the singular point is a cusp, we say that E has additive
reduction and if it is a node, we say that E has multiplicative reduction.

Remark 2.18. Let E,"*(F,) be the set of the nonsingular points of Ej, over F,.
If £ has multiplicative reduction, one can show that E,"*(F,) is isomorphic to the
multiplicative group E*, and if E has additive reduction, then E," (Fp) is isomorphic

to the additive group EJr. This explains the previous terminology.

Primes p of bad reduction are the prime divisors of the minimal discriminant.
Thus, there are finitely many primes of bad reduction.
For more about reductions of elliptic curves, we refer the reader to [Sil09, Chapter

VIIJ.

2.3.3 Division fields and Galois representations

Let m be a positive integer and p be a prime. Let k be either @, or Q. Since the
elliptic curve E is defined over Q, it can be seen as an elliptic curve over Q,. The
field k(E[m]) is defined as the extension of k obtained by adding the coordinates of
the points of E[m/|. In the case k = Q, it is called the m-th division field of E.

Proposition 2.19. The extension k(E|m])/k is Galois.

Proof. We first prove that the coordinates of the elements of E[m] are algebraic
elements over Q. Let P = (xp,yp) be a point of E[m] and let m’ be the smallest
positive integer such that [m/|P = 0. Then, [m’ — 1|P = —P, and we know from the
explicit formulas for the group law that the z-coordinate of [m’ — 1]P and —P are
rational functions of xp with rational coefficients. Thus, xp is a root of a nonzero
polynomial having rational coefficients: xp is algebraic over k. It is also the case for
yp because y% = z%+ Axp+ B where y* = 23+ Az+ B is a Weierstrass equation for E.
Thus, k(E[m]) is an algebraic extension of k. To prove that it is Galois, it is enough
to show that if ¢ € Homy(k(E[m], k), then o(k(E[m])) C k(E[m]). For a point
P € E[m] different from the point at infinity O, we define ¢(P) = (o(xp),o(yp)),
and 0(Og) = Og. For P € E[m|, c(P) is also an element of E[m|. Thus, o(xp) is
in k(E[m]) and o(yp) is in k(E[m|), which proves that o(k(E[m])) C k(E[m]). O

Every element o € Gal(k(E[m])/k) acts on the points of E by

o-P=(o(zp),o(yp))
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if P = (zp,yp) is not the point at infinity Op (and 0-Op = Og). If P is an m-torsion
point, then we also have o - P € E[m|. Thus, this action defines a representation
Gal(k(E[m])/k) — Aut(E[m]). Setting k = Q, we have seen that

Elm| = Z/mZ x Z]/mZ
so Aut(E[m|) = GLy(Z/mZ). We obtain an injective representation
pm : Gal(Q(E[m])/Q) — GLo(Z/mZ).

We now ask when this representation is surjective. From now on, we assume that
E doesn’t have complex multiplication. A famous result from Serre, called Serre’s
open image theorem, says that there exists a finite set of primes S(E) such that py is
surjective if £ ¢ S(E). We define A(E) =2-3-5- ][ ¢, which is sometimes called

teS(E)
Serre’s constant associated to E. It can be shown (see [Coj05, Appendix A]) that if
ged(m, A(E)) = 1, then p,, is surjective. In that case, the extension Q(E[m])/Q has
Galois group GLy(Z/mZ).

Serre asked if there is an absolute constant C' independent of E such that the
representation py is bijective if ¢ > C'. This is still an open problem, but we have
upper bounds for A(E) in terms of the conductor of E, which will be introduced in
the next paragraph.

In the proof of Lemma [3.16] we will have to consider a representation into
PGLy(Z/mZ) instead of GLo(Z/mZ), which we construct from p,, by projecting
GL2(Z/mZ) into PGLo(Z/mZ). We call p,, this new representation, it is no longer
injective. Let L,, g be the subfield of Q(E[m]) fixed by the nonzero scalar matrices.
By Galois theory, we have Gal(L,, g/Q) = PGLy(Z/mZ) and the representation

Pm : Gal(Ly, g/Q) — PGLy(Z/mZ)
is bijective.

2.3.4 The conductor of an elliptic curve

We now give the definition of the exponent of the conductor of the elliptic
curve E at a prime p. For a prime ¢ # p, we write Vy(E) = T)(F) ®z, Q¢ and
L,y = Qu(E[]). We denote by V,(E)!@/%) the subspace of V,(E) fixed by
1(Q,/Q,) and by E[(]%E».0/% the subgroup of E[f] fixed by G;(L,,/Q,). This
following definition comes from a general formula for Galois representations.
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Definition 2.20. The exponent f,(E) is defined as f,(E) = ¢,(E) + 6,(E), where

&p(E) _dier(VZ( )/ Vi(B)!@/%),

5p(E) = z;’; T2 dimg, (E[)/E[)CEe/))

The conductor of E is the integer Ny = [[ p/»®).

p prime

In fact, it turns out that this definition is independent of /. It seems unpractical
for computing ¢,(F) and 0,(E), but we have the following criterion:

Proposition 2.21. We have

0 if E has good reduction modulo p,
ep(E) = ¢ 1 if E has multiplicative reduction modulo p,
2 if E has additive reduction modulo p.

Moreover, if p > 5, 6,(E) = 0.

The primes which divide Ng are the primes of bad reduction. It has the same
prime divisors as the minimal discriminant and it can be seen as a measurement of
the arithmetic complexity of the curve.

We now give an upper bound for A(F) in terms of the conductor (see Theorem 1
in [Coj05]).

Proposition 2.22. Assuming the Generalised Riemann Hypothesis (GRH), there is
a constant ¢ > 0 such that A(E) < clog(Ng)log(log(2Ng))3.

We denote by P(Q(E[m])) the set of primes which ramify in Q(E[m])/Q.

Proposition 2.23. The elements of P(Q(E[m])) lie among the prime divisors of

Proof. In this proof, we will write L = Q(E[m]) to ease notation. Let p be a prime
which doesn’t divide mNg, and p be a prime ideal of L above p.
By definition of L, we have the following diagram

1(Q,/Qp) € Gal(Q,/Qy) » GL(E[m])

\ /

Gal(Ly/Qy)
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By using the diagram [2.4] we get

I(Ly/Qp) = Im(1(Q,/Qy) — Gal(Ly/Qp)) = Im(I(Qy/Qp) — GLa(Z/mZ)).

According to the criterion of Néron-Ogg-Shafarevich (see [Sil09, § VIL.7]), since p
doesn’t divide mNg, the representation p,, is unramified at p, which means that the
restriction of p,, to I(Q,/Q) is trivial. Therefore, I(L,/Q,) is trivial, which precisely
means that p is unramified in L/Q. O

The values of tr(pm,(0,)) and det(pm,(0,)) mod m are known if p t mNg.

Proposition 2.24. For p{mNg, we have

{ tr(pm(op)) =tg, modm
det(pm(0y)) = p mod m,

where o, is a Frobenius element at p in Q(E[m])/Q and tg, is the trace of Frobenius
of the reduction of E modulo p.

Proof. Again, we write L = Q(E[m]). Let p be a prime which doesn’t divide m - Ng
and p a prime of L lying above p. We denote by

m(p/p) - Gal(Lp/Qp) — Gal(Fy/F))

the reduction map modulo p. We will see E[m] as a set of points of L,, and we can
consider the reduction map 7(p/p) : E[m] — E,[m]. The Galois group Gal(L,/Q,)
(resp. Gal(F,/F,)) acts naturally on E[m| (resp. E,[m]). By definition of 7(p/p)
and 7(p/p), the following diagram is commutative:

Gal(Ly/Q,) "% Gal(F,/F,)

|

GL(E[m]) =22 GL(E,[m))

We denote by ¢, the Frobenius endomorphism of the elliptic curve E,. Since
p 1 m, the group E,[m| is isomorphic to Z/mZ x Z/mZ. Then, the Frobenius
endomorphism ¢, can be identified to an element of GLy(Z/mZ) and by Proposition
II1.8.6 of [Sil09], we have tr(¢,) = tg, mod m and det(¢,) = p mod m. The element
Frob(F,/F,) € Gal(F,/F,) acts naturally on E,[m] in the same way as ¢,,.

We have seen that in Gal(L/Q), Frobenius elements are defined up to conjugation.
It doesn’t matter in our case, because the trace and the determinant are conjugacy-
invariant. So, we consider here that o, is the element of the conjugacy class such
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that o,(p) = p. Then, o, is the preimage of Frob(F,/F,) by n(p/p). Since the
previous diagram is commutative, we have tr(pm,(0,)) = tr(¢,) = tg, mod m and
det(pm(0p)) = det(¢,) = p mod m.

[

2.4 Counting points on elliptic curves

Let E be an elliptic curve defined over a finite field F,. There are several methods
and algorithms to determine |E(F,)|. A very naive one is to check whether (z,y) sat-
isfies the Weierstrass equation defining F for every element (z,y) € (F,)?. However,
the complexity of this method is O(q?), so it is unpractical in practice and especially
for crypto-sized finite fields (for instance, ¢ & 22°¢). In this subsection, we present
Schoof’s algorithm and the SEA algorithm.

2.4.1 Schoof’s algorithm

It was introduced by Schoof in 1985 in [Sch85]. The idea is to compute the
trace of Frobenius tg of E modulo ¢ for sufficiently small primes ¢. Indeed, since

lte| < 2,/g, it suffices to consider primes ¢ < fp,q, such that ] ¢ > 4,/g and to
reconstruct ¢t through the Chinese Remainder Theorem.

Let ¢ be an odd prime and P be an /(-torsion point of E different from Opg
(the point P is not required to be rational). Denote its coordinates by (zp,yp).
Evaluating the characteristic equation of the Frobenius endomorphism ¢, at P gives

(@5, yh) — [te] (@b, yb) + [d)(z,y) = Og.

Since P is (-torsion, one can reduce tg and ¢ modulo ¢ in the previous equation:

(2%, y%) — [te mod €](z%, y%) + [q mod £](xp, yp) = 0.

In order to avoid working with polynomials of large degree, we perform the com-
putations in the ring
Fylz,y]
(y2 — a3 — ax — b, Yy(x))’
where 1), is the (-th division polynomial of F introduced in Definition 2.9 Its
roots are the x-coordinates of the (-torsion points. For ¢ # char(F,), we recall
that |E[(]| = (2, so 1, has degree KZT_l. Computing z7,y?, 2% and y” in R, takes

O((*1og(q)?) bit operations using exponentiation by squaring.

Ry =
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Chebyshev’s theorem implies that

Therefore, 4, ~ log(4,/q). For instance, if ¢ = 2**° (a classical size for cryptogra-
phy), then we get £,,4, =~ 10%. Therefore, the primes ¢ considered are in O(log(q)), so
the computations in R, take O(log(q)?) bit operations. Since the number of primes

¢ is in O(log(q)), the total complexity of Schoof’s algorithm is O(log(q)?).
We describe Schoof’s algorithm below in Algorithm [I}

Algorithm 1: Schoof’s algorithm
Data: The elliptic curve £
Result: The trace of Frobenius of

Pick a set of odd primes ¢ < {,,,, such that [[ ¢> 4,/q

ggzmax
for ¢ < {,,,, do

n<+0

Set Re = s )

Qo + (27 ,y7) + [q)(x,y)

Ql «— (xq’yq)

Q2 < Op

while QO - [n]Q1 7& OE do
n<n-+1
Q2 < Q2+

end

trmn

end

Find ¢ € [-2,/q,2,/q] such that ¢t = ¢, mod ¢ for every ¢ with the Chinese
Remainder theorem
Return ¢

2.4.2 The SEA algorithm

For fields of cryptographic size, Schoof’s algorithm tends to be rather inefficient
(according to Sutherland’s lecture notes [Sut22], it might take one or two days to
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compute |E(F,)| when ¢ ~ 22°® with an implementation of the algorithm in Sage-

Math). It received improvements by Elkies and Atkin in the nineties which led to
the SEA (Schoof-Elkies-Atkin) algorithm. It is currently the best method for fields
of large characteristic.

Remark 2.25. For "small” fields, some other algorithms such as baby-step giant-
step are more efficient than SEA. In SageMath, for an elliptic curve E defined over a
prime field F,, the SEA algorithm is used whenever p > 10'®, but different algorithms
are used under this value of p.

We now link the existence of an isogeny of degree ¢ from E to an arithmetic
condition on the discriminant of the characteristic polynomial of the endomorphism
of Frobenius.

Proposition 2.26. Let E be an elliptic curve defined over F, and { be a prime
different from p = char(F,). Then, the three following statements are equivalent:

(i) There is a separable isogeny ¢ : E — E' of degree ¢ defined over F,,.
(11) There is a subgroup C' C E[{] of order { defined over F,.

2
(iii) (%) 41,
Proof. The statements (i) and (i) are equivalent as a consequence of Proposition [2.6]
so we just prove the equivalence between (i7) and (iii). We recall that the Frobenius

endomorphism ¢,, seen as an endomorphism of the 2-dimensional [Fy-vector space
E[) = Z/VZ x Z/VZ, has characteristic polynomial

X? — (tgp mod £)X + g mod ¢

(see Proposition II11.8.6. in [Sil09]). Its discriminant is t% — 4¢ mod ¢. Since the
Frobenius endomorphism z + 27 generates Gal(F,/F,), the existence of a subgroup
C C E[{] defined over F, is equivalent to the existence of a 1-dimensional eigenspace
of ¢, € GL(E[(]). This is equivalent to the existence of a root of the characteristic
polynomial over [F,. A root exists if and only if the discriminant of the polynomial
is a square in . O]

A subgroup C' C E{] of order ¢ defined over F, is described by a polynomial h(z)
of degree Z_Tl which is a factor of ¥, (x).If such a C' exists, we can replace the ring R,
in Schoof’s algorithm by
Fylz,y]
(y2 — 23 —ax — b, h(x))’

in which it is faster to compute 29, y?, 27 and y?".
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Definition 2.27. Let E be an elliptic curve defined over a finite field F, and 7, — 4q
its Frobenius discriminant. An odd prime ¢ 1 ¢ is said to be an Elkies prime for £ if
t2 — 4q is a quadratic residue modulo ¢, otherwise /£ is said to be an Atkin prime.

There are some other modifications due to Atkin to compute a set of possible
values of ¢t mod ¢ if ¢ is an Atkin prime.

In the SEA algorithm, one computes tg mod ¢ using Elkies’ method for small

Elkies primes ¢ < {4, such that [ £ > 4,/q (here, {4, is not the same as in
ZSEmaw

Schoof’s algorithm). Therefore one needs that lots of primes are Elkies to make

significant improvements compared to Schoof’s algorithm. Given an odd prime ¢,

there are ”71 quadratic residues modulo ¢. Hence, the heuristic is that 50% of the

primes are Elkies primes for E. In that case, the complexity of the algorithm is

O(log(q)*) using exponentiation by squaring.
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3 Distribution of Elkies and Atkin primes

Our goal is to introduce the proofs of two theorems about the distribution of
Atkin and Elkies primes, established by Shparlinski and Sutherland [SS14. [SST5].
Both are results on average over a class of elliptic curves. In the first one, we fix a
finite field F, and we consider all the elliptic curves defined over F,. In the second
one, we consider the set of the reductions of an elliptic curve E defined over QQ mod-
ulo primes of good reduction.

3.1 Statements of the main theorems

We fix a finite field F,. As in Proposition 2.1T] we denote by &, a set of repre-
sentatives of all isomorphism class of elliptic curves defined over [F,. For an elliptic
curve E defined over F, and a real number L > 3, we denote by N.(E,L) (resp.
N,(E, L)) the number of Elkies (resp. Atkin) primes for E in the interval [L,2L]. In
the statement of the theorem, N,(E, L) is either N (E, L) or N,(FE, L).

Theorem 3.1. Let v > 1 be an integer. Then we have

& Egg INL(B,L) = Y(n(2L) — =(L)|*

=0 (ﬁ log(q) log(log(q)) + %q_lﬂlﬂ log(L))
where the big-O constant just depends on v.

The notation O (or <) for two variables (L and ¢) indicates that there is a
constant C' such that for every values of ¢ and L > 3, we have

&1 2 [N(B L) = §(r(2L) = 7(L))

<C (ﬁ log(q) log(log(q)) + %q_l/zLV log(L)> .

We now fix an elliptic curve Ey defined over Q without complex multiplication. For
a prime p of good reduction and a real number L > 1, we denote by R.(p, L) (resp.
R.(p,L)) the number of Elkies (resp. Atkin) primes for the reduction E, of Ej
modulo p. We denote by Cp the set of primes of good reduction in [P, 2P]:

Cp={pe[P2P] : p{Ng,}.

2v

We have
|ICp| = 7(2P) — w(P) + O(1).
Again, R.(p, L) is either R,(p, L) or R.(p,L).
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Theorem 3.2. Let v be equal to 1 or 2. Under the generalised Riemann hypothesis
(GRH) we have

|

pEC

7T(2L) —7(L)
2

2v
L L¥ log(P)?
_0 N 0g(P)
log(L)» ~ P'Y2log(L)*

where the big-O constant depends on v and Ejy.

Given an elliptic curve E defined over a finite field, one expects that 50% of
primes are Elkies, so there would be roughly M Elkies primes in [L,2L]. The
left-hand sides in these two theorems quantify the difference between this expectation
and the reality, on average over a family of elliptic curves. In statistical terms, they
are analogous to a variance for v = 1. Before proving the results, we also make a
few comments on the bounds in the right-hand sides.

For Theorem [3.1], we have 0 < N.(FE,L) < w(2L) — n(L) 4+ 1 for every E € &,
so a trivial bound for the left-hand side is O(log(%) (we recall that m(L) ~ @
by the prime number theorem). Hence, the bound of the theorem is not trivial if
q /2L" log(L) = o(1) and log(q) log(log(q)) = o(bg(L)y) when ¢ becomes large. For
v = 1, these conditions hold if

(log(q))*™* < L < ¢**(log(q))3/>*

where € > 0.
For Theorem [3.2 we have 0 < R,(p, L) < w(2L) — m(L) + 1 for every prime p of

good reduction, so a trivial bound for the left-hand side is O(ﬁ). Hence, the
bound of the theorem is not trivial when % = 0(@). For v = 1, this

condition is satisfied as soon as
U(P) < L < PY2log(P)V3u(P)!

where W is a function such that W (P) —— +o0.
P—+o00

The proofs of Shparlinski and Sutherland rely on technical lemmas on character
sums. We provide this material in the next two subsections.

3.2 Technical lemmas for Theorem [3.1]

The proofs of Theorems [3.1 and [3.2] will involve character sums and lemmas from
analytic number theory. In this subsection, we supply the technical material that
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will be used later.

The two first lemmas enable to evaluate a complete sum of Jacobi symbols.

Lemma 3.3. Let a be an integer and let { be an odd prime such that ged(a, ) = 1.
-1

Then, (FT_“> =—1
=0

Proof. We write

ke <t2—a) = <4t2—4a> fi( (2t)? 4a) = (t2 4a>
=0 ¢ =0 ¢ t=0 t= ¢
Indeed, since ¢ is odd, t +— 2t is a bijection of Z/¢Z onto itself. By Euler’s criterion,
¢

writing k£ = %1,

(]
agh
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W ~
L7l
~
~
no
|
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S~—
=

(t* —

1N
IS

)i
g (fj) (—da)k—rer
<f) (—4a)* it%") mod /.

t=1

Il
MN

~
Il
—

Il
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> |l
—

r=0

¢ ¢
If n=0,then Y t"= > 1=0mod /. If n> 1, we know that

t=1 t=1
Ztn: —1 lf (Z—l)\n
otherwise.

Indeed, if ¢ — 1 divides n, then for every ¢t € {1,...,¢ — 1}, " = 1 mod ¢ by Fer-
mat’s little theorem and ¢ = 0 mod £. If £ — 1 doesn’t divide n, we know that the
multiplicative group (Z/¢7Z)* is cyclic, so if ¢ is a primitive root, then

¢ In

l n__ .n
Zt” gm”E — Eg 9 — 0 mod ¢
gt —1
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¢
(g" # 1 because ¢ — 1 doesn’t divide n). Hence, > t* = —1 mod ¢ if and only if

t=1
r = k, otherwise this sum is equal to 0 mod ¢. We deduce that S = —1 mod ¢. But
—(<S<lsoS=-lorS=/(-1.Forte{l,... (-1}, wehavet®> = ({—t)*> mod ¢,

k 2
soS = (32)+2) (t Z_a> , s0 S is odd because (5%) = 1 (remember that ¢ doesn’t
t=1
divide a), and S = —1. O
Lemma 3.4. Let a be an integer and m = {1 ... 4s a product of s distinct odd primes

m—1
such that ged(a,m) = 1. Then, | Y (tt“) =1.

t=0

Proof. This is a consequence of the Chinese Remainder Theorem and the previous
lemma:

m

(5 -S (I(5) T (S (57)) -

=1 t=0

Now we consider incomplete sums.

Lemma 3.5. Let a and T > 1 be two integers, and m = ly...Ls a product of s
distinct odd primes such that ged(a, m) = 1. We have:

t? —a
)3 ( ) < Tfm+ C'm'" log(m)
m

[t|<T

where C is an absolute constant.

Proof. In the case s = 0, we have ) <t2n:a> < 2T. We now take s > 1 and we write
[t|<T

()22 (5)-()

We write T' = |T/m|m + L and we set K +1 = [T/m|m. We decompose the sum

> (%) into [ £ | complete sums and one partial sum as follows:
t<T

t>0

2 _q -1 2 _a K 2 _q K+L 2 _q
S -2 () X (591X (5
i;%; t=0 t:(\_T/mj—l)m t=K+1
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According to Lemma [3.4] each of the complete sums is bounded by 1 in absolute

value. We have L%J such sums, so this gives the term 7'/m in the upper bound. It

K+L
. . . 2_
remains to estimate the partial sum (t m“).
t=K+1

m

We first look at the complete sum > <t2_“> exp(2im2l) for A\ € Z. For i in
=1

{1,...,s}, the Weil bound applied to mixed sums of characters gives

l; 2 .

t=1

where C'is an absolute constant (see [CZ02, Section 7]). Applying the multiplicativity
of complete character sums gives

T2 — At
Z ( a) exp <2i7r—> < C*m!/2.
m m

t=1

K+L

To estimate the incomplete sum (%) eXp(Qiﬂﬁ), we apply a method con-
t=K+1

sisting in reducing to complete sums as in [IK04, Chapter 12].

t2—a

For A € Z, we call S\(K, L) the incomplete sum > — ) exp(ZiW%) and we

t=K+1

K+L (

write F)\(t) = (%) exp(2im2t). Finally, we define the complete sum

Si(b) = mf Fy(x) exp (—M%) - mi Fro(2).

x=0 =0

Our partial sum Sy(K, L) can be expressed in terms of complete sums Sy(b) as
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m—1 K+L
follows: Sy(K,L) =L 3= g(b)Sx(b) where g(b) = > exp(2ir2). Indeed,

b=0 t=K+1

Sasio =3 3 e (21”%) m_— i (_227%)

t=K+1 =0 b=0
K+L m-—1 m—1

Z Z F\(x exp 2Z%b(zﬁ - az))

t=K+1 =0 b=0

To pass from the third line to the last one, we have used the orthogonality relations

of characters :
0 ifx##t,
S (2 t—x>)={m i

We get that
m—1
Sy\(K, L) =Y g()S
b=1
Since g(m — b) = g(b) and Sy(m — b) = S_,(b),
Sx(0) l9(0)]
sy~ 20 < 57 005, 45,00
1<b<m
For 1 < %, we have
1 — ex p<2mbL) ) m
|g(b)| - 2imh 2imh =T
1 —exp(22) | = |1 —exp(222)| = b’

SO

s n) - 20 < 3 Liso) + 50

1<b<m

By the estimation of complete sums, we have

1Sx(b) + S_x(b)] < C*m!/?
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Moreover, Y. < log(m), so

1<b<m
So(K, L) < C*m'/log(m).

]

For a positive integer n and a real number L > 0, we denote by wy,(n) the number
of prime divisors of n which lie in the interval [L,2L]. In particular,

Hée L,2L)] : (t2_€4q) :o}',

which will appear in the proof of the main theorem, is w (2 — 4q).

Lemma 3.6. Let v > 1 be an integer and T' > 1. For L > 3, we have

T L
Z Wi (t? —a) < + ;
log(L) ~ (log L)”

[t|<T
where the implied constant depends on v.
Proof. We have
S0 ¥ 1) - > o

It|<T lt|<T \L<¢<2L Ly, 0,<2L t<T
Lt —a lem(1,....6,) |t —a

IN

Let m = ry...r; be a squarefree integer. We show that

Y 1< P(T/m+1).
[t|<T
mlt’—a

Let ¢ be an integer such that m divides t> — a. Then ¢ is a solution of the system

t2 = a mod

t* = a mod r;.
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For each i between 1 and j, let a; be a square root of a modulo r; if it exists (otherwise
there is no solution to the previous system). Then, ¢ is a solution of

t = +a; mod r;

t = £a; mod r;.

Choosing the signs gives 2/ different congruence systems, each of them having only
one solution modulo m by the Chinese Remainder Theorem. We divide the interval
of integers {0,...,T} in |T/m] intervals of m consecutive integers

{0,....om—=1%},... {(|T/m| —Dm,...,|T/m|m—1}

and one final interval {|T/m|m,...,T}. In every interval, there are at most 2’ in-
tegers which divide t2 — a. This also applies to negative values of ¢, so the number
of integers ¢ such that |t| < T and m|t* — a is at most 2 - 27 - (T'/m + 1).

Finally, for every j € {1,...,v}, we gather the terms of the sum

2 >, !

L<b1,0 by <2L lt|<T
lem(£1,....,6.)[t2—a

such that among the primes ¢4, ...,/¢,, only j are distinct. Thus,
E Wi (t? —a) < é/ E L +1
: b .. 4
‘t|<T 7=1 LSEL...,ZJ'SQL
< EV T E ! + 1
: by
j=1 L<by,... 0;<2L L<by,...,0;<2L

<<i T( > %) + 7(2LY

L<e<2L

In the first inequality, the implied constant depends on v: given a tuple (¢1,...,¢;)
of j distinct primes of [L,2L], the number of tuples (¢, ...,¢,) of primes of [L,2L]

such that
{4; : ie{l,...,j}}:{ﬁg cied{l,...,v}}
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can be expressed as a function of v (not depending on the other parameters). By

the prime number theorem, >~ m(2L)7 ~ %. Moreover,

7j=1
(Z 1>J<<< 1 )j<< 1
Vi 14 log(L) log(L)
» J
soxy | X 1] < ﬁ Hence we get the result claimed. O
j=1 \ L<e<2r &

3.3 Lemmas for Theorem 3.2

In this subsection, we state and prove lemmas about character sums which rely
on the Chebotarev density theorem. We fix a non-CM elliptic curve E defined over
Q. For a prime p of good reduction for E, we denote by E, the reduction of
modulo p and by D, = t%p — 4p the Frobenius discriminant of E,.

3.3.1 Effective versions of the Chebotarev density theorem

Let K be a finite Galois extension of Q, and G = Gal(K/Q). We denote by ng
the degree of this extension and by dj its discriminant. Let C be a subset of GG
stable by conjugation. For a prime p which is not in the set P(K) of ramified primes

in K, we denote by o, the Frobenius element at p in K/Q defined up to conjugation
in GG. We define

ro(e, K) = |{p prime : p < 2,p ¢ P(K), 0, € C}.

The Chebotarev density theorem asserts that mo(z, K) ~ %li(m), where 1i is the
dt

logarithmic integral function: li(z) = [ e (we recall that li(x) ~ @) We
T—>+00

will need effective versions of this theorem, which are given below. The first one is
due to Lagarias and Odlyzko (see [LOTT]).

Theorem 3.7. Under GRH, there is an absolute constant ¢ > 0 such that for every

T > 2:
1] IC| 1)
mo(z, K) —‘G’h(x) < C_\G|x (log(dk) + ni log(z))

for some absolute constant ¢ > 0.
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In our applications, we will often replace log(dk) by the upper bound of the next
lemma.

Lemma 3.8. We have log(dx) < (nxg —1) > log(p) + nk|P(K)|log(nk).
PEP(K)

Proof. The first idea of the proof is to write the discriminant as the norm of the
different ideal Dy /q. For a non-archimedean place v of K, we denote by p,, the prime
ideal associated to v. A result of Hensel makes it possible to bound the exponent
v(Dk/q) of the ideal p, in the factorisation of Dk /q. Then, the result follows from a
sequence of inequalities. We refer the reader to [Ser81, § 1] for the details. ]

Lemma [3.8| directly implies the following version of Theorem [3.7] that we will use
to prove the lemmas of the following subsection.

Theorem 3.9. Under GRH, there is an absolute constant ¢ > 0 such that for every
T > 2:

C
o(z, K) — |—|li(x) < c|Clz'?log | ngx H p
] PEP(K)

3.3.2 Conjugacy classes in GL; and PGL,

With a view towards applying the Chebotarev density theorem in number fields
with Galois groups of the form GLy(Z/mZ) or PGLy(Z/mZ) (with m an odd square-
free integer), we study conjugacy classes in those groups.

Let Ng be the conductor of E and A(E) Serre’s constant which was introduced
in subsection [2.3.3] Recall that the primes of good reduction for E are the primes
which don’t divide Ng. From now on, the notation p will be only used for primes
of good reduction. In particular, if a sum is indexed by p € [P,2P], it means that
p ranges all the primes of good reduction between P and 2P. For an integer r > 2,
t € Z/rZ and d € (Z/rZ)*, we define

Cr(t,d) :=={g € GLo(Z/rZ) : det(g) = d,tr(g) = t}.

Lemma 3.10. Let r = {1 ... L5 be an odd square-free integer, t in Z/rZ and d in

(Z)rZ)*. Then, S
Co(t, )| = 1}4 (ez- + (tz Zld)) |
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Proof. We only consider the case where r = ¢; is an odd prime, because the general
case can be obtained from this case by applying the Chinese Remainder Theorem. Let

g = ?; g be an element of GL(Z/¢1Z). Then, the element g satisfies det(g) = d

and tr(g) =t if and only if «d — By = d and a + § = t. The last condition on tr(g)
shows that 0 is determined by a. If 8 and v are fixed, the number of elements g with
tr(g) =t and det(g) = d is the number of solutions of the following equation in «a:

o —at+ fy+d=0.

The discriminant is A = ¢ —4(8v+d), so the number of solutions is 1+ (%ﬂ) .
Summing over all the values of 5 and ~, we find that

cal- ¥ 5 (1 (E100))

BEL/N L ~NEL) T

WS (t—4d>+ 3 3 ( 57+d)>

762/(12 E(Z/0Z)* ve(Z/Z)

b

Indeed, if 3 € (Z/(1Z)*, then v — t* — 4(Bv + d) is a bijection of Z/¢,Z onto itself,

so the sum )7 (%) is equal to 0. O
VE(Z]t2) 1

Summing over ¢ and d, one checks that

IGLy(Z/7Z)| = T41i[ (1 _ %) (1 - %2)

i=1

i=1 g
Lemma 3.11. Let g be an odd p?“ime. De?ine

Cy(1) = {g € PGL(Z/17) - (“(9>2 - 4det(9>) _ 1}

and so

|PGL2(Z/rZ)| =

14
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and

Co(—1) = {g € PGLy(Z/0Z) - (“W _£4det(g>> - _1}.

Then, |Cy(1)] = £52 — ¢ and |Cy(—1)] = 252

Proof. We first notice that these sets are well-defined in PGLy(Z/lZ). For Cy(1),

we count the matrices g € GLy(Z/(Z) satisfying (“(9)2+d‘3t(9)> = 1 and divide by

¢ — 1 to obtain the cardinality of Cy(1). There are Z_Tl nonzero squares in Z/{(Z.
Fixing tr(g)? — det(g) and tr(g) also fixes det(g). For each square, there are £ — 2

possible values for tr(g) because det(g) must be nonzero. Moreover, there are ¢(£+1)
elements g of GLy(Z/¢7Z) having a given trace and determinant if (”(9)2+det(g)> =1

1
by Lemma [3.10, Thus, |Cy(1)| = Wﬂ)efl L) 53;£2 — (. Replacing the factor ¢+ 1

by ¢ — 1 gives the result for |C,(—1)]. O

Now we fix two distinct primes ¢; and ¢5. By the Chinese Remainder Theorem,
PGLy(Z/010:7) = PGLo(Z /0 7Z) x PGLo(Z/lsZ).
For (71,72) € {1, —1}?, we define C,, , to be the set of elements
(91,92) € PGLy(Z /0 Z) x PGLy(Z/(,7)

such that

((U(gl)2 _614 det(Ql)) ’ <tf(g2)2 —624det(92))> = (71,72)-

Lemma 3.12. We have

‘01’1 U 0717,1‘ — O(é?gg),
|C1,-1UC 1] = O(6363),
|C1aUC_ 1 1| = |C1—1UC_11] = b1l

Proof. These identities are straightforward consequences of the last lemma, using

that
{ [CraUCoy ] =[Co (V)] [Cop(1)] + [Cp (=1)] - |Cor (=1)],
1C11UC 4| =[Cy ()] [Cr(=1)[ +|Co (=1)| - |Cr, (1)].
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We finally consider the case of four distinct primes ¢y, 05, l3, €4. For (v1,72, 73, V4)
in {1, —1}*, we define C,, -, .-, analogously as C., ,,. Its cardinality is

Co, (71)Cry (72) Cry (73) Cry (74).-

We define
Ai(m) = > Co, (1) Chy (72)Cy (73) Cry (72)
(v1,72,73,74)€{—1,1}4
Y1v2v374=1
Afl (m) = Z Cfl ('71>C@2 (72)053 (73) C(@4 (74)'
(v17v2:73,74)€{—1,1}4
Y1y273v4=—1

Lemma 3.13. We have
Al (€1£2€3€4) — A_1(€1£2€3€4) = 6162&;64.

Proof. 1t is an easy but quite long computation using Lemma |3.11} [

3.3.3 Applying the Chebotarev density theorem

We now state and prove the lemmas for Theorem relying on the Chebotarev
density theorem. In everything what follows, the implied constants just depend on
v.

Lemma 3.14. Let v be a positive integer and s < v. For s distinct odd primes
by, ..., U coprime with A(E). Under GRH, for P > {4,...,{s we have

{pe€Cp : D,=0modr}| < + r3PY?log(P).

_r
p(r)log(P)

Proof. We will apply Theorem with K = Q(E[r]). We denote Gal(Q(E[r])/Q)
by G.,. Since {4, ..., L are coprime with A(FE), the Galois representation

pr: Gy = GLo(Z/rZ)

is bijective, where we keep the notations of subsection[2.3.3] Then G, = GLy(Z/rZ).
We will take
C(r) = {g € GLy(Z/rZ) : 4det(g) = tr(g9)*}

for the set stable by conjugation. If p is unramified in Q(E[r]) (recall that the
ramified primes are the prime divisors of rNg), Proposition asserts that the
Frobenius element o, is in C(r) if and only if D, = 0 mod r. Thus, we have

H{peCp : D, =0mod r}| = 7mew (2P, Q(E[r])) — mem (P, Q(Er])) + O(1).
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In C(r), choosing the value of the trace determines the value of the determinant. By

Lemma [3.10, we get that |C'(r)] < r [] (¢4 + 1) (in particular, |C(r)| < r® because
i=1

the number of factors is bounded from above by v). Hence,

S

r? TI (¢ +1)

i=1

1—1(&'—1) 7
o1
< 98
7=
<28 ! .
o(r)

Moreover, using Proposition [2.23 IT p < rNg, so Theorem gives
PEP(QEI))

Tow (2P, Q(E[r])) < + r*PY?1og(r*P - rNg).

p(r)log(P)

Because the primes £; are smaller than P, we have log(r’ Ny P) < log(P) and

Toe (2P QUEN) < + P log(P).

(r) log(P)

Lemma 3.15. Let v be a positive integer. Under GRH, for P > 2L we have

P LY P2 1og(P)
D 1%
2 D) < o e T oD

peCp

Proof. We write our sum as

Z wr(Dy)” = Z Z 1.

peCp £1,...,0,€[L,2L)] peCp
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We sort the terms by the number of distinct primes among ¢y,...,¢,. Let j be an
element of {1,...,v}. There are O (ﬁ) tuples (¢q,...,¢,) of primes of [L,2L)]

such that r := lem(¢y,...,£,) is the product of j distinct primes. For such a tuple,
the last lemma gives

P
1< ———— +13PY2log(P
21 < Sog .

P .
———— + L3 P2 og(P
< Tilog(P) og(P)

because the prime divisors of r lie in [L, 2L|. Therefore, we get

v

1 P 35 p1/2
3 0 < 3 i ( gy + £ oe)

peCp
P L* P'/2]og(P)
< +
log(L) log(P) log(L)”
by keeping only the dominant terms. ]

Lemma 3.16. Under GRH, for distinct primes (1,{s coprime with A(E) and P >
{1, 4y, we have

D
S (772 = run((2P) = #(P) + O(EEP 2 05(P))

l
sec, \bit2

; _ 1

with ke, = GENCEE
Proof. As in subsection [2.3.3] we consider the representation
Doty - Gal(Lyye, £/Q) — PGLy(Z/1(57)

where Ly, 4, g is the subextension of Q(E[¢1fs]) such that the last representation is

bijective. We consider the sum S(z) :== > <£—€”2>. Notice that S(2P) — S(P)
<z
PN
and > (f—é’) only differ by at most 1 term. We have
veCe 142
S(z) = Z 1— Z L =meyue (z, L£1€2,E)_7TC1,71U071,1($7 Lflf%E)'
P, sy
ptl1l2Ng, pil1laNg

ORISR
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By Lemma [3.12| |Cy; UC_; 4] and |Cy_; U C_; 4| can be bounded from above by
O(£303) and
|C1aUC_ 1] —|C1—1 UC_14] _ 1

[PGLy(Z/,6,2))] IGERICES
Finally, we have P(Lge,r) € P(Q(E[l1ls])) because Ly, g is a subextension of
Q(E[¢145]). Hence, IT p < {3 Ng. Theorem implies that

PEP(Leyty,E)

1
(=15 -1)

S(x) = w(z) + O(B03x 2 log(LHANpx)).

Because ¢; and £, are smaller than P, one can replace the error term by O(¢3(3 P/ log(P))
in S(P) and S(2P).
O

Remark 3.17. Considering the representation pg,e, : Goo, — GLo(Z/01057) instead
of prg, gives the error term O((1¢3 P2 1og(P)) (see [CFRMOH]).

This lemma can be generalised to products of four primes.

Lemma 3.18. Under GRH, for distinct primes {1, (s, (3,0, coprime with A(E) and
P Z £17£27€37€47 we ha’U@

D
S (2 ) = Keatataes (1(2P) = 7(P)) + O(B36363 PV 1og(P)),
peCp 51626354

4
: _ 1
with Re050504 = H 21
=1 "

R Q - DP
Proof. Let m = (103050, and S(z) := ; (m) We have
pPST
pil1l2l3L4NE
S(x) = E : TC1 27374 (xv LTmE) - E : TCyy 29314 (:)3, LmvE)'
(v1:y2,v3,74)E{—-1,1}4 (71,72,73,74)€{—1,1}4
My27374=1 Mny27374=-1

Applying the Chebotarev density theorem, we get that
Sy Ailm) — A (m)

S(z) = PCLyZ/m) m(x) + O(BBEEL log(CHALAN ).
4
Lemma [3.13| tells us that % = 11;11 4121_1. ]
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3.4 Proofs of the two main theorems

We will prove the two theorems in parallel, as the proofs involve very similar
ideas.

Proof. Let E be an element of £,. If L is a prime number, there are m(2L) —7(L)+1
primes in [L, 2L], otherwise there are m(2L) — m(L) primes in this interval. Hence

we have
N(E,L)+ N,(E,L) =7n(2L) — w(L) + ¢,

where ¢, = 1 if L is a prime number and £;, = 0 otherwise. Moreover, by the
definition of Elkies and Atkin primes,

NED-NED = 5 (B b -0

L<e<2L

Hence we get

N.(B, L)~ 3 (x(2L) ~ (L)) = (

> (t% ; 4q) +wp(t3 —4q) + 0(1)) .

L<U<2L
Therefore,
1 2 2 4\ "
'N*<E,L>—§<w<2L>—w<L>> <3 ( g ) Tty — 490 + 1.
L<e<2L

By averaging over &,

2v

1 1

N.(B, 1) ~ 5(r(2L) ~ (L)) ARCRNrA

where we set
2v

Up = | T (M)
E€€, |L<i<2L ¢
Vo = Y wi(th, —4q)*.

E€g,
We have an analogous relation for R, (p, L):
e 2 |Bup, L) = 5(x(2L) — (L))

peCp _ ~ (3.2)
1 1
Ll + Vo +1

2v
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this time with )

0w =% | X (%)
peCp | L<LL2L

Vo = 3 wi(Dy)™.

peCp

The rest of the proof consists in estimating the sums Us,, V5,, 172,, and \72,, with
the lemmas of subsections and [3.3] We start with the upper bounds on Uy,
and V3, for Theorem

Bounding U,,:
Sorting the elements of &£, by their trace of Frobenius, we get

2v
t? — 4q
> 0| ¥ (5 )|
|t|<2q1/2 L<I<2L
e
14
L<¢<2L

by using the estimate of Proposition [2.13] By interverting the summations,

Us, < q'*log(q)log(log(q)) > Y ( )

L<ly,...,09,<2L [t|<2q1/2

¢'/*log(q) log(log(q))

[t|<2q1/2

For every j € {0,...,v}, we define Qs,9; as the set of tuples (¢1,...,¥s,) such that
L </ty,... 0y, <2L and ¢, ... 0y, = n*m with m a squarefree product of 2j primes
and n a product of v — j primes. Choosing an element of Qy, 9; involves choosing
v + j primes in [L,2L] (we choose a subset of 2j primes for the factor m, then a

subset of v — j for n disjoint from the first). Thus
2L L)) L
|Qay0;| < (m(2L) — 7(L))"™ <« W'

We have

L<y,...,0y<2L |f|<2q1/2

Y (e =% (Y




Lemma provides us with the estimate

t2—4 2q1/?
Z < q) <4 oot log(m).
m

m
|t|<2q1/2

Since L¥ < m < (2L)%, we have

t2—4q 2q1/2 )
> ( - ><< Lo L log(L).

|t|<2q!/2

Hence,

> > ( ) < Z|QM]\ <L1;2 Iy log(L))

L<ty,.. 0, <2L |¢|<2¢1/2
v 1/2LV—] Ty+2i
<> a -+ -
2\ log(Dy * Tog(Ly

ql/QLV N L3
log(L)” ~ log(L)>~1

Finally, we get

Ll/ L31/
Uy, < q"/*1og(q) log(log(q)) (ql/ ? oa(Z)” | Tog( L)2y_1> :

Bounding V5, :
We also sort the terms in the sum defining V5, by the trace of Frobenius:

> ftwr(t® — 4g)™

|t|<2¢/2

< ¢'/*log(q) log(log(q)) Y wi(t® —4g)*

|t|<2q1/2

1/2 2
< ¢'?log(q) log(log(q)) (k)qg( ot logL( L)2y>

where the last inequality results from Lemma [3.6]

Injecting our upper bounds for Us,, and V3, in equation (3.1 and getting rid of
non-dominant terms yields Theorem . We now consider the case of Ugl, and ‘/2,,
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for v =1,2. In order to apply the lemmas of subsection [3.3] we will assume without
loss of generality that 2L < P (otherwise the bound in Theorem is trivial). We
also assume that L is greater than Serre’s constant A(FEj).

Bounding Uy
We have U, = > > (Jﬁ) . For the sum over ¢y, {5, (3, {,, we will

L<ty,02,03,04<2L peCp

sort the terms according to the three following cases:

l105030, is a perfect square. There are O(ﬁ) such terms, because choosing

(04, 05,03,04) such that ¢1050304 is a perfect square involves choosing only two
primes in [L,2L]. In this case,

2 (512?53124) = pech 1=0 (log](DP))

peCp

so the total contribution of these terms in (74 is

“ (mg@? ig(P)) |

(1450304 is not a perfect square but is divisible by a non-trivial square. There
are O(IOL%) such terms. Without loss of generality, if {1 # (5 and {3 = {4,
Lemma gives

> (i) = 2 (i)

sec, \tifatsty ey \fit2

< Keyoo(m(2P) — w(P)) + O(@?E;’PUQ log(P))

with kge, = O (i) since L < {q,0y < 2L. Hence, we get the upper bound

L4
DP P 6 pl
=0 —+——— + L°P?log(P) | .
p%:: (5152«4354) ¢ (L4 log(P) o8 ))

The total contribution of these terms in [74 is

¢ (logL<3L>3 (Frroggy 27 1ostr)) ).
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o (105030, is squarefree. There are O(ﬁ) such terms. Lemma |3.18) gives

D
S (2 ) < Fuse(T(2P) = w(P)) + O(BBEEP log(P))
; l10o030

: 1
with K¢ 050, = O (ﬁ) , SO

D, P 12 pl1/2
— ——— + L"P*log(P) ] .
Z (€1€2£3€4> © (LS log(P) - og( )

peCp

The total contribution of these terms in (74 is

O (gt (g + 27 1estr) )

By getting rid of non-dominant terms, we find that

2 16 p1/2
T, -0 L*P N L' P1/=1log(P)
log(L)*log(P) log(L)*

Bounding Us:

To bound U, = > > (f—;), we sort the terms according to these two
L<ty,tz<2L)peCp N ' °

cases:
e /1 =/{5. There are O (1 (L)> such terms. In that case,
) ()
S 2y izo( 2
peCr (8162 peCp log(P)

o (1 # (5. There are O (

Toa(L)? > such terms. Lemma [3.16| gives

> () =0 (e + 27 0m().

peCp

&~ LP L3P1/2]og(P)
Hence, U = O <log<L> og®) T Tog(D)? ) :

Bounding I72V:
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Lemma [3.15] gives

~ P LY P12 Jog(P)
=0 (log<L> og®) T log(L)! )

and

Vo=0

P L8 PY/?1og(P)
(1og<L>log<P>+ log(L)? )

We find the statement of Theorem by injecting our upper bounds for Us, and Vs,
in (3.2)).
O
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4 Numerical experiments

We performed numerical experiments with SageMath in order to confirm experi-
mentally the estimates of the theorems [3.1] and and to assess how accurate they
are. In this section, we introduce our methodology and our results.

4.1 Experiments about Theorem (3.1
4.1.1 Methodology

For a finite field [F;, we are interested in computing the left-hand side of Theo-
rem [3.]

2v

No(E,L) = 3(v(2L) - n(L)

1
LHS(q,L,v) := T Z
| q| EGgq
We consider Elkies primes here, but everything that follows would also work with
Atkin primes instead. We first discuss the relevant values of L and ¢ for our study.
Theorem [3.1] provides nontrivial information when the right-hand side

L L e
0 (oot 3 Tou(0) os(ion(a) + -1 og(0)

is smaller than the trivial bound O (%) . The difficulty is that the implicit big-O

constant is not known. In order to have an idea of the approximate size of L and ¢,
we will take it equal to 1 and we define

LY LZV
log(L)” log(q) log(log(q)) + Tog(L)%

RHS(L,q,v) = g Y2L" log(L).

The next graphs shows RHS(q, L, 1) as a function of ¢ and ﬁ with L = 100, 1000
and 10000.
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RHS(q,100,1) compared to the trivial bound
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1e7 RHS(q,10000,1) compared to the trivial bound
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The last figure shows that the bound of Theorem is minimal for ¢ ~ 10'?
when L = 10000. Therefore, we aim at being able to compute Cp, for values of ¢
around 10'2.

A naive approach described in Algorithm 2| consists in enumerating all the elliptic
curves defined over F, by the coefficients of the Weierstrass equations (since an elliptic
curve F can arise from different Weierstrass equations, we have to normalise by the
number of Weierstrass equations which define an elliptic curve in the isomorphism
class of E, which is IAﬁt;(E)\)'

However, there are ¢> — ¢ nonsingular Weierstrass equations. Determining the
trace of Frobenius of an elliptic curve E can be done in polynomial time in log(q).
Hence the total complexity is 5(q2), so this method can’t be used in practice for
large values of ¢. It is possible to enumerate the j-invariants instead of enumerating
the Weierstrass equations to get a complexity O(q). For a given j-invariant different
from 0 or 1728, there are two isomorphism classes of elliptic curves whose traces of
Frobenius are opposite, these classes are called quadratic twists of each other. It
takes more than one hour on a standard laptop with SageMath for q ~ 107, so it
can’t be used in practice for g ~ 1010 .

Another approach is to enumerate the traces of Frobenius, rather than the curves
themselves. Writing N, (¢, L) the number of primes ¢ € [L, 2L] such that <t2_f“q> # —1,
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Algorithm 2: Computation of LHS(q, L,v)

Data: ¢, L,v
Result: The quantity LHS(q, L, v)
LHS + 0
N < number of isomorphism classes of elliptic curves over F,
for AcF, do
for B €I, do
if 443 +27B? # 0 then
t < trace of Frobenius of the elliptic curve F : y?> = 23 + Az + B
a < number of automorphisms of £
u— 1
n <— Oa
for ¢ prime in [L,2L] do
if <t2_4q> # —1 then

¢
‘ n+<n+1
end
end

2v
LHS  LHS + & |n — 28 =0

end

end

end
return LHS
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we have )
7w(2L) — w(L) |

LHS(q.Lv) = 1 S0 filt) .

&
‘ q’ \t|§\/¢7

where the numbers f,(t) were introduced in the subsection 2.2} They are computed
with the formula of Proposition for the ordinary case:

fl)=HE* —4q9)= > h(O).

O(t2—4q)C0O’

N(t,L) —

The traces of Frobenius belong to the Hasse interval, whose size is 4,/q, so we have
at most 4,/q values of the function H to compute. According to Cohen, computing
the values of h(Ak) is very fast where Ak is a fundamental discriminant, and it
is easy to compute h(A) from h(Ag) if A = u?Ag (see Algorithm 5.3.5 and the
following remark in [Coh93]). In SageMath, we use the can compute the function
quadratic_order_class number from the module sage.rings.number_field.order
to compute the values of h, which we use to compute the values of H.

With this approach, we only consider ordinary curves for our experiments. It
doesn’t really matter, because supersingular curves are rare (Porposition shows
that there are 5(\/5) supersingular curves defined over F,, so their contribution
to LHS(q, L,v) is asymptotically insignificant compared with the contribution of
ordinary elliptic curves).

Beyond the LHS, we may also be interested in the distribution of the values of
N.(E, L), namely determine the number of E € &, such that N.(E, L) = n for every
n < w(2L) — n(L) + 1. In fact, it is possible to compute LHS(q, L,v) from this
distribution. Writing F|, (n) for the number of £ € &, such that N.(E, L) = n, we

have
m(2L)—m(L)+1

LHS(q,L,y)—i > Fuun)

_ w(2L) — (L) [*
€] '

2

n —

n=0
Moreover, the distribution gives an idea of how many curves have approximately
the same number of Elkies and Atkin primes in [L,2L] (the LHS is a numerical
measurement to quantify the difference with the expected value, but plotting the
distribution is more visual).

For repeated experiments with a given finite field I, it is possible to construct a
dictionary whose keys are the integers ¢ € [—2,/¢,2,/q] and values are the numbers
fq(t). It can be stored in a text file, so the computation of the numbers f,(¢) is done
once for all. Creating this dictionary takes less than two minutes for ¢ ~ 10! and
less than one hour for ¢ ~ 10'2 on a standard laptop.
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4.1.2 First observations

We first fix the parameter L and let g vary. The next graph shows the evolution
of LHS(q,L,1) for L = 25,100,500 and 10* < ¢ < 10 (in order to gain time,
LHS(q, L,1) was just computed for the prime values of ¢ consecutive to powers of
2).

Moment of order 2 for g in [1000,100000000]

o] .
20.0 4 S5

. e Y

P e L e 8 egg..g .8
17.5 - ; . o » ¢
15.0

@
12.5 ..@- L=25
i .. L=100
10.0 4 . .-@- L=500
75 -
5.0 - .-.. +..._..--...._..,..-'...
e

2.5 1

T T T T T T
103 104 10° 106 107 108
q (log scale)

This graph suggests that LHS(q, L, 1) tends to a finite limit when ¢ — +oo. We
fixed ¢ ~ 10® and we plotted the evolution of LHS(q, L, 1) for L € [20,500] to have
an idea of the value of the limit as a function of L.
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Evolution of the moment of order 2,with ¢ = 100000007 and L in [20,500]

1754 ® data .....
L
15.0 ]
.po....
12.5 - .,..’
(]
ese®
10.0 oe®
o [
7.5 | o ®
L]
'.'
5.0 '."-
-.
o
2.5 [ L]
)
[ ]
0 100 200 300 400 500

We notice that the evolution seems to be roughly linear and we next focus on the
distribution. For ¢ large compared with L, the distribution seems to be a Gaussian
function (on the next graph, ¢ = 10® + 7 and L = 500).

le7 Distribution: q=100000007;L=500

— data
1.75 1

1.50 A

1.25

1.00 A

0.75 A

0.50 A

0.25 A

number of E/fF100000007 s.t. Ne(E,L) = n

0.00 A

With the function curve_fit of the Python module scipy.optimize, it is pos-
sible to find a Gaussian function that fits with the curve of the distribution (notice
that we have to give a guess of the parameters of the Gaussian, even very approx-
imate, as an optional argument in curve fit, otherwise curve fit can return an
almost constant Gaussian function with extra large standard deviation).
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le7 Distribution: q=100000007;L=500

— data
1.75 4 —— Gaussian fit

1.50 A

1.25

1.00 ~

0.75 A

0.50 A

0.25 A

number of E/fF100000007 s.t. Ne(E,L) = n

0.00 A

The next graph shows the evolution of the standard deviation of the Gaussian fit
as a function of L (with ¢ ~ 10%).

Evolution of the std deviation in function of L for g = 100000007
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4.1.3 Comparison with a simple probabilistic model

We would like to predict the expressions of the limit of LHS(q, L,1) and the
parameters of the Gaussian fit of the distribution as a function of L through a
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simple probabilistic model. Let us fix ¢. For an integer ¢ with |¢| < 2,/g, we assume

that the hypothesis that roughly 50% of prime numbers are Elkies is correct. So for
t2—4q
¢

a prime /¢, the probability of the Legendre symbol ( ) to be equal to 0 or 1 is

t2—4q

roughly 1/2. Thus, we model ( 7

distribution B(1/2). We further assume that all the variables X;, are independent.
For L > 0, the random variable

) by a random variable X; , following a Bernoulli

Xp= Y Xy

¢e[L,2L)

models the number of Elkies primes of a curve of trace of Frobenius ¢ in [L, 2L] and
it follows a binomial distribution B(w(2L) — 7(L),1/2). We have

2L) — w(L 2L) —w(L
B(x)="ER D)y x) = VR )
4 2
The next graph is the distribution of the last paragraph (¢ = 10% + 7 and
L = 500), with the curve of the Gaussian of mean value F(X;) and standard
deviation M in green. The model seems to be very accurate.

le7 Distribution: q=100000007;L=500

— data
1.75 4 —— Gaussian fit
—— Model

=n

1.50 A

1.25

1.00 ~

0.75 A

number of E/fF100000007 s.t. Ne(E,L)

The next graph shows the evolution of the standard deviation of the Gaussian fit

(in blue) and the value given by the model: M (in red on the next graph).

57



Evolution of the std deviation in function of L for g = 100000007
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The evolution of LHS(q, L, 1) as a function of L also fits well with this value.

Evolution of the moment of order 2,with q = 100000007 and L in [20,500]
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Therefore, the bound of Theorem seems non-optimal.

When ¢ is not large enough, side effects occur: the curve of the standard deviation
as a function of L deviates from the model for L > 400, with ¢ = 10% 4+ 7. This
suggests that the model is satisfactory only if ¢ is very large compared with L.

Evolution of the std deviation in function of L for q = 1000003
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Finally, we try to summarise our observations as an open question. We write

_ 7w(2L)—=(L) m(2L)—7(L)
= —=5—= )

and o = 5

Question 4.1. For x € R, we define
{E c&,  NelBHom < g
€] '

Does f, 1, converges pointwise to the cumulative distribution function of the standard
normal distribution as q and L goes to infinity with ¢ > L" for everyn € N ?

for(z) =

4.2 Experiments about Theorem
Let E be an elliptic curve defined over Q and

n(2L) = w(L)[*

LHS(P,L,v) = ——
( |CP| Z 2

peCp

We slightly adapt our probabilistic model. For a prime p { Ng and ¢ # p, let
X,¢ be a random variable following a Bernoulli distribution B(1/2). It models
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whether D, is a square modulo ¢ or not (we recall the notation D, for the Frobenius
discriminant of the reduction modulo p of E). We also assume that the variables
X, are independent, so the random variable

Xp= > X

Le[L,2L]

follows a binomial distribution B(mw(2L) — w(L),1/2). This last variable models the
number of Elkies primes in [L,2L] for the reduction of £ modulo p. Since it follows
the same law as the variable X, of the last paragraph, we expect similar observations.
The numerical experiments were made with the elliptic curve E of conductor 11
(small conductor) given by the Weierstrass equation y? +y = x® — x?. Using the
straightforward approach of computing ¢g, for each p independently, we were only
able to reach values of P up to 107, but this is sufficient to see that it fits with the
model. Should we want to increase this value, we can use an algorithm developed
by Sutherland to investigate the Sato-Tate conjecture which computes efficiently ¢z,
for several p simultaneously. We directly give the graphs with the expectations of
the model.

When L is fixed, LHS(P, L, 1) also seems to tend to a finite limit when P — +o0.

Moment of order 2 for P in [1000,5000000]
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The distribution also seems to tend to a Gaussian of mean value w and

\/7(2L)—m(L)

standard deviation 5
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Distribution: P=10000000;L=250

— data
70000 A —— Gaussian fit
—— Model

60000

50000

40000

30000

20000 A

10000 +

number of p in [10000000,2¥10000000] s.t. Re(p,L) = n

0 10 20 30 40

For the evolution of the standard deviation and LHS(P, L, 1), we notice some
significant difference with the model for values of L between 400 and 500. Thus, the
expectations of the model seem to be valid only for large values of P in comparison
with L.

Evolution of the std deviation in function of L for P = 100000
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Evolution of the moment of order 2, with P = 100000 and L in [20,500]
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One might formulate a similar question as Question 4.1} However, in this context,
we are actually able to prove a statement of convergence in distribution. This will
be the topic of the next section.
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5 Convergence of the distribution of Elkies primes
for reductions of an elliptic curve over Q

5.1 Formalisation of the context

Let I/ be an elliptic curve defined over Q. The numerical experiments of the
last section suggest that the distribution of the quantities R.(p, L) converges to a
Gaussian distribution when P and L tend to infinity. The goal of this section is to
state and prove a theorem which justifies our observation.

For P > 0, we equip the set of primes in [P,2P] of good reduction Cp with a
uniform probability measure Pp. For p € Cp, we define Xp(p) = Re(p, L) and

Fpr(n) :={pe€Cp : Xpr(p) =n}|.

Then,
fﬁzL(n)
Cp

In other words, the left-hand side of Theorem is the moment of order 2v of
Xpr — —W(QL)Q_W(L). We define
_— 7w(2L) — W(L)’ ” o 7w(2L) — 7T(L)’ Yo, — Xpr — m
2 2 ’ o

According to the previous section, we expect that the distribution of Xp converges
in some sense to a Gaussian distribution of mean value m and standard deviation o.
This is the content of the next theorem, that we will prove in this section. We will
use the random variable Yp 1, which is a normalisation of Xp, by the expected mean
and standard deviation. Let ¢ : Ry — R be a function such that ) oo

z" T—>+00
for every n € N. For L > 3 the cumulative distribution function of Yy is the

function
G R —[0,1]
Flr o Py (Yo < 7).

IEDP(XP,L = n) =

and

1 m(2L) — w(L

peCp

Denote by G the cumulative distribution function of a standard normal random
variable Z. We say that (Yyr),) converges in distribution to Z if the sequence of
functions (Gp) converges pointwise to G when L goes to infinity. The theorem that
we will prove in this section is the following:
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Theorem 5.1. Under GRH, the sequence of random variables (Yyr),) converges in
distribution to a standard normal random variable Z when L goes to infinity.

5.2 The moments of the standard normal distribution

Let Z be a standard normal random variable. The moments of Z are the quan-
tities
my, = E(Z%)
for k € N. We have mor,1 = 0 and an integration by parts shows that

Mo, = (2k — 1) - (2k —3)---3 - 1.

The standard normal distribution is characterised by its moments: if X is a random
variable such that E(X*) = m;, for every k, then X is a standard normal random
variable. To prove Theorem [5.1] we will use the following result (see [Bil95, Theorem
30.2]).

Theorem 5.2. Let (X,), be a sequence of random wvariables such that for every
ke N,

E(XF) —— my.
n—+oo

Then (X)), converges in distribution to a standard normal random variable Z.

To prove Theorem we will show that the moments of Yy, ;, converge to the
moments my when L goes to infinity.

We generalise Lemmas [3.16| and [3.18| to an arbitrary number of distinct odd
primes.

Lemma 5.3. Under GRH, for m = {1 ...4s a product of s distinct primes coprime
with A(F), we have for P > {y,... 0

> <%) = hun(W(2P) — 7(P)) + O(m* P/* 1og(P))

peCp

1
_1"

where Ky = (—1)° [
=1

Proof. The proof mimics that of Lemmas and |3.18 We consider the bijective

Galois representation

D+ Gal(Ly.p/Q) — PGLy(Z/mZ)
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and S(z) = > (%) (as in the case s = 2, the sums S(2P)—S(P) and )’ (%)
ot
differ by at most one term). We have

S(:C) = Z 7TC’y1 ,,,,, vs (ZC? LmyE) - Z ﬂ-C'yl ,,,,, vs (:C, Lm7E)

('71 7777 78)6{7171}3 ('71 7777 75)6{7171}3
1ys=1 Y1-ys=—1

o Al(m) — A_l(m)
Slw) = IPGLo(Z/mZ)]

where for € € {1, -1}, we write

Z Co (1) - Cr,(7s)-

(1575 )E{=1,1}°
Y1ys=€

that
m(z) + O(m3z? log(m®z - mNg))

We show by induction on s that A;(m)—A_1(m) 1)* [] 4. Lemma/3.11|directly
=1

= (_
gives the result for s = 1. Assume that A;(m) — A_;(m) and let ¢;,; be a prime
such that ged(m, €s11) = 1. Then,

Ar(mlsir) — Aoi(mlsir) = Ar(m) A1 (s1) + A—1(m) A1 (Lst1)
= A1(m)A_1(ls1) — A1 (m) A1 (Csy)
= A1(m)(A1(ls+1) — A-1(lsy1)) — A1 (m) (A1 (logr) — A1 (ls11))

= —(A1(m) — A_1(m))lss1
s+1

= (-1 ]
=1

Therefore, S(z) = (—1)° [] z=m(z) + O(m*z'/?log(m*Ngx)). Because (1, ... L,
=1

are all smaller than P, one can replace the error term by O(m?P'?log(P)) in S(P)

and S(2P). O

As in the proof of Theorem for a positive integer k and 0 < j < k, let Qy ;
be the set of tuples ({1, ..., ) of primes in [L,2L] such that ¢; ...¢; = n*m where
m is a squarefree product of j primes and n is the product of % primes (Qy; is
empty if k£ — j is odd). We will need the following lemma.
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Lemma 5.4. Let v be a positive integer. Then,

LY Lufl
ol =75 0 (i)

Proof. Forn € {1,...,v}, let A, be the set of tuples (Aq, ..., A,) of disjoint subsets
of {1,...,2v} such that:

o Vie{l,...,n}, A; #0,
o V(i,j) €{l,...,n}* AinA; =0,
o Viec{l,...,n}, |Aj is even,

o ||A ={1,...,2v}.
i=1

We also define B} to be the set of ordered n-tuples of distinct primes in [L,2L]. Let
s = (l1,...,02) be an element of Qy, o such that lem(¢; - - - £5,) has n distinct prime
factors, and ¢} < ... < ¢/ primes such that

{gl,.HEQV} :3{63,...782}.
Then, we define by = (¢,...,£.). For j € {1,...,n}, we set
As={ie{l,...,20} : t; =10}

—_ S S
and a5 = (Aj,..., A?).
The set Qs, ¢ is in one-to-one correspondence with

| | A.xB;

1<n<v

via s — (as, by).
If n is fixed, we have B} = (”(ZL)*WY(LLHO(U) ~

n = v, we have

! 10];7(})” as L goes to infinity. For

() () (e

LI/
log(L)""

SO

A, x BY| ~ may,
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Moreover,
v—1 Lv— 1
Al 1By = 3 A, ( )
;IHIZ!! D
The sum

v—1
> 1A
n=1

just depends on v and not on L, and it can be absorbed in the big-O constant.

5.3 Proof of Theorem [5.1]

As in the proof of Theorem [3.2] for a prime p € Cp, we write
Re(p, L) + Ra(p, L) =m(2L) —m(L) + ¢
Re(p.L) = Rulp. 1) = Y. (%) +wi(D)).

¢e[L,2L)

Let us fix k € N*. Then, by the multinomial theorem

w00 - gy & (nio -2

peCp
k

> (%) +wr(D,) +er

¢e[L,2L)

= ko Z
ok|C 2

| Pl ==
Z (k1 ko, kg) Ukl Vk2 EL

_ kitketks=k

okOk
n
where (k17k27k3) —kl,kz,,%, and

k1
rT DP — DP
O (o CO) R o
B peCp \L€[L,2L) 1,08, €[L,2L] pECP !
Vie = 2 wr(Dy)*™.

peCp
For every ks € {0,...,k}, Lemma already gives us
P N L*2 P1/2og(P)
log(L)log(P) log(L)*2

67

Vi, = O

]



We will now estimate the sums ﬁkl for every ky € {0,...,k}.

First, assume that k; is odd: k; = 2v + 1 where v € N. Then,

Usyi1 = Z ) 2(61 Aoy +1)

0 (€1,....02041) PECP
€Qou11,2541

For j € {0,...,v}, we have |Qgyt12j41| = O (logL(g—ZL1+1> , 80 by Lemma we

have

> Z _o( P + LYT3 P2 1og(P)
€2u+1 a log(L)v /1 \ L4742 log(P) o .

(Zl ..... 52,,4_1)176(:13
€Qou 41,2541

The dominant terms occur for j = 0 and j = v. By getting rid of the non-dominant
terms, we obtain

. Ly—lp L8u+4pl/2 1 P
Usyi1 =0 + og(P)
log(L)*! log(P) log(L)?+!

Now, we assume that kq is even: k; = 2v. We also write

Y Y Y ()

] =0 ([1 ~~~~~ Z2u)€Q2u 2j pECP

Take j € {1,...,v}. Then, |Qs,9;| = O <%) , so by Lemma , we have

= o 2 (5m) 0 (i (e 7))

(L1,..., 20)€Q2,,2; PECP

Now assume that j = 0. Then, for ({1,...,05,) € Qq,0 and p € Cp, we have

<€1D—2b> = 1 except if some ¢; divides D,. By Lemma |3.14] we have

HpeCp : Dy,=0mod y...0,} <{p€Cp : =0 mod min /;}|

1<i<2v

P 3 pl/2
O(—Llog(P)JrLP log(P) ) .
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Then, if (¢1,...,4,) € Qayp,

Dy r 3 pl/2
— | = —— + L°P"/"log(P) | .
2 (61...62) Crl+0 <Llog(P) * og(F)
peCp
We use Lemma [5.4] to get

3 Z( ) ma|Crl (V) +mzy|cp|o($;_l>

(£1,..,€2,)EQ2,0 PECP

Lv='p L3+v P2 1og(P)
+0 +
log(L)" log(P) log(L)”

The dominant terms occur for j = 0 and j = v, and we have

~ L Lt L-'p L3 P2 ]og(P)
L i e e s o)
Assume that k is odd. Then, k‘cl | and k|c | converge to 0 for every ky and ko

smaller than or equal to k if P = (L) and L goes to infinity. So E(Y&L) ) PR 0.
’ —+00
Assume that k: is even and P = t¢(L). Then, k% | converge to my as L goes to

infinity, whereas k‘ c | tend to 0 for k; < k and tend to O for ky < k. Therefore,

’“\C \
Remark 5.5. Since we have shown that
~ LY L% P2 1og(P)
U- v — v Cpl——— )
= malerlr 0 (S )

we also proved Theorem for every v in passing.

We were not able to prove the equivalent of Theorem for the distribution of
Elkies primes for the family of elliptic curves defined over a finite field. In the proof
of Theorem , the upper bound on Us, after dividing by |Cp| involves the two terms

L L¥ log(P)?
_— d O =—/———""+1.
O (aizr) ™ O (prengy
The second term tends to 0 if P = (L) and L — oco. Our analysis in the proof of the
previous theorem shows that the implied constant for the first term is ms,, and after
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normalising by ¢?, the first term tends to ms,. The bound on U,, in Theorem
also involves two terms (after dividing by |&,]):

LY L2u
O ———¢"?1 log(1 d O 2LV log(L) ) .
(log(L),,q og(q)log(log(g)) | an Tog(L)" og(L)
The second one tends to 0 if ¢ and L tend to infinity and ¢ > L™ for every n € N.
However, the first term normalised by ¢ doesn’t tend to a finite limit because of
the factor ¢'/2log(q) log(log(q)). In fact, in the estimation of Us,, the numbers f,(t)
are uniformly bounded (in ¢) by this factor, so we get a character sum indexed by t:

>y (5

|t|<2q'/2 | L<E<2L

2v

This estimation is not sharp enough. A better understanding of the distribution of
the distribution of elliptic curves according to their trace of Frobenius seems to be
required to estimate Uy, more precisely and to prove an analogue of Theorem in
this context.
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